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Abstract. Taking into account the possibility of particle-antiparticle pair production, we
have investigated the onset of Bose-Einstein condensation in an ideal relativistic Bose gas
confined to an Einstein universe. Through an extensive use of the Poisson summation
formula, we have carried out an explicit evaluation of the summations-over-states appearing
in the problem, which enables us to derive rigorously the condensate fraction, po/p, and
the specific heat at constant volume, c,, of the system as smooth functions of temperature—
from T=T, down to T=0K. A detailed asymptotic analysis of the growth of the
condensate and of the specific-heat maximum is then carried out and, in each case, finite-size
corrections to the standard bulk results are obtained in explicit terms. Special cases of the
non-relativistic and extreme relativistic versions of the model are examined at some length
and, wherever possible, a comparison is made with the findings of the previous authors.

1. Introduction

A few years ago, using the formalism developed by Pathria and his collaborators for
the study of Bose-Einstein condensation in finite systems (Pathria 1972a, Greenspoon
and Pathria 1973, 1974, 1975, Zasada and Pathria 1976, 1977), Al'taie (1978) carried
out a detailed investigation of the critical behaviour of an ideal Bose gas confined to
the background geometry of an Einstein universe. The primary motivation for that
investigation was to extend the study of Bose-Einstein condensation to curved space
and to determine the manner in which the physical properties of the system are affected
by the inherent finiteness of the space available. Owing to the spherical symmetry of
the problem, the analysis in this case involves summations over one quantum number
only and is, therefore, expected to be mathematically tractable. However, as Al'taie
discovered in his investigation, the problem is tractable only in its non-relativistic
version, with the result that he had to confine his analysis to this case alone.

Al'taie examined the twin problems of (i) the growth of the condensate, and (ii)
the behaviour of the specific heat, especially the location and height of its maximum,
as a function of temperature. He showed that, apart from the expected effect of
‘smoothening out’ the singularities of the thermodynamic functions of the system at
the erstwhile critical point T = T, the finiteness of the system resulted in the enhance-
ment of the condensate fraction, the displacement of the specific-heat maximum towards
higher temperatures and the reduction in the height of the maximum—corrections to
the bulk behaviour in each case being of order a™!, where a denotes the radius of (the
spatial part of) the Einstein universe.

Since the problem of Bose-Einstein condensation in the Einstein universe is
inherently relativistic in nature, a more complete analysis of the situation is clearly in
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order. This was indeed attempted by Aragdo de Carvalho and Goulart Rosa (1980),
but only with partial success. In view of the aforementioned intractability of the
finite-size terms in the relativistic case, these authors could not derive the desired
results in closed form and were forced to draw only qualitative, or at best semi-
quantitative, conclusions about the effects in question. Nevertheless, they did show
quite generally that, for the study of finite-size effects in this problem, the neglect of
relativistic effects was totally unjustified.

In this paper we carry out a rigorous analysis of this problem, including not only
the conventional relativistic effects but also the possibility of particle-antiparticle pair
production which has lately been shown to be an essential ingredient of the relativistic
case; for details, see Haber and Weldon (1981, 1982) and Singh and Pandita (1983).
A study of Bose-Einstein condensation in a curved space of finite size, including the
above mentioned effects, appeared at first sight to be rather formidable. It turned out,
however, that the inclusion of antiparticles into the problem rendered the analysis far
more tractable than it originally was and enabled us to derive finite-size corrections
to the relativistic bulk behaviour of the system in a closed form. We could, therefore,
draw as rigorous and as thorough a set of conclusions in the relativistic case as Al’taie
had done in the corresponding non-relativistic case. Remarkably enough, our findings
are qualitatively similar to those of Al'taie’s; quantitatively, of course, they depend
on the severity of the relativistic effects which, in turn, is determined by the parameter
p/m>, where p is (essentially) the ‘number density’ in the system while m is the particle
mass.

For simplicity, we confine our study to the case of spinless particles (s =0). The
case of spin-1 particles can be studied in a similar fashion.

2. Formulation of the problem

We consider an ideal Bose gas composed of N, particles and N, antiparticles, each
of mass m, confined to an Einstein universe of (spatial) radius a. Since particles and
antiparticles are supposed to be created in pairs, the system is governed by the
conservation of the number Q (= N, — N,), rather than of the numbers N, and N,
separately; the conserved quantity Q may be looked upon as a kind of generalised
‘charge’. In equilibrium, the chemical potentials of the two species will be equal and
opposite: w, = —u,= u, say, with the result that (Haber and Weldon 1981)

N=Z[P-1, =T -aT (1)

where B =1/T and & = (k* + m?)"/?; for economy, we shall use units such that A= ¢ =
kg=1. Note that both ¢ and u include the rest energy m of the particle (or the
antiparticle) and, for the mean occupation numbers in the various states to be positive
definite, we must have: |u|< m. Assuming that, to begin with, u > 0, it readily follows
that N, > N, and hence Q> 0. In view of the conservation of Q, u then stays positive
under all circumstances. Without loss of generality, we shall assume that this indeed
is the case.

The eigenvalues, k,, of the wavenumber k for a free particle confined to the Einstein
universe are given by (see, for example, Schrodinger 1938)

k.,=n/a (n=1,2,3,...), (2)
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with multiplicity g, = n°>. The ‘charge density’ p is then given by the expression

2 1/2
pENIVNz__ Z sinh(jBu) Z n exp[—jﬁm(l+ a) :' (3)

Applying Poisson’s summation formula,

Zlf(n )=31 L fln)=1 Y %(q), (4)
n= n=—co g=-@
where
3‘(q)=j f(n) >4 dn, (5)
and substituting V =2s2a> (Pathria 1974), equation (3) takes the form
K,(Bmz K,(Bmz
( z(B ) —(Bmg?) 3([*13 )>’ ()
g=-© Z V4
where K, (z) are the modified Bessel functions while
z=vj*+q%, q'=(2ma/B)q. (7)
The term with g=0 corresponds to the bulk result, see (4) and (5),
pB(B,M)‘— Z (jBm)~" sinh(jBu)K,(jBm), (8)

which agrees with the corresponding result obtained by Singh and Pandita (1983). We
may, therefore, write

p = ps(B, #)+— Z Z j sinh(jBu)

q=] J=

(Bmg’*)

(Kz(ﬂmz) 9)

Ka(Bmz))
2} '

Clearly, the terms with g # 0 contain both the condensate and the finite-size effects in
the problem.

The sumation over j appearing in (9) can also be handled with the help of the
Poisson summation formula,

$10=1 £ =t £ [ 1) costomiy (10)
so that
p=pslBm)+ s L __J j sinh(jBp’ )(KZ(fJ"’)—wmq'Z)&(z@z—)) 4, (1)
where

p'=p+(27i/B), (12)

while z and ¢’ are given by (7). The integration over j is somewhat involved but can

be carried out exactly; see appendix. Using (AS5) and noting that (Gradshteyn and
Ryzhik 1965)

K1/2(Z) - 2K3/2(Z) = _ZK—I/Z(Z) = "(%772)1/2 e, (13)
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we obtain after some algebra

p=pafu)—og B T plmi= ) expl-tmag(m® - (14)

q | I==co

The summation over g is now straightforward, with the result that

p=ps(B, u —-%I Y w'(m?=p?) exp2ma(m® - u?) 2= 1}7" (15)
It may be emphasised here that in going from equation (3) to (15) we have made no
approximation whatsoever.

Now, the onset of Bose-Einstein condensation is marked by the fact that the
chemical potential u of the system approaches the single-particle rest energy m. In
that event, the bulk term appearing in (15), and given explicitly by (8), can be expressed
as (Singh and Pandita 1983)

pa(B, w) = pa(B, m)— l(m - )24 0(m? = ). (16)

At the same time, the term with /=0 in (15) dominates heavily over terms with [ # 0.
To see this, we recall (12) and write the summation over [ as

p(m?® = u?)Hexp[2ma(m® - pu?)"*]- 1}

+ Y (u2mip  DH[(m? = ) +47* B P —4xminB ]2

l=—o
X (exp{2ma[(m?— u?) +47°B 1 —47iuB ' 1"} - 1), (17)

where the primed summation implies that the term with /=0 is excluded from this
sum. As u->m, so long as a(m®—u?)"? is of order unity or less, the main term in
(17) would make a significant contribution to p. The other terms, however, are at best
of order exp[—a(m/B)"/?], i.e. O(e"*/*1), where A1 (= (2wB/m)"?) denotes the mean
thermal wavelength of the particles. Making the very reasonable assumption that
a » A, these terms can be dropped with impunity. The important thing to note is that
no errors of order (Ar/a)" are committed if we retain only the term with /=0.

Introducing the thermogeometric parameter y (Pathria 1983) appropriate to this
problem, namely

y=m(m’—p?'"q, (18)
equation (15) may now be written as

M Y
m*Ba e”
Combining this with (16), we finally obtain

p=ps(B, u)- (19)

p = ps(B, m)—(m/27’Ba)y coth y +O(y*/ a?). (20)

Equation (20) constitutes our basic result from which the crucial parameter y(p, 8)
can be determined.

At this point we would like to make two observations on our passage from equation
(15) to (20). First, one should note how agreeably the singular term, containing
(m®>-u?)'"? in the expansion (16) of the bulk function pg(B, ) is cancelled by a
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similar term residing in the function y/(e* —1), to yield a final result which is a
function of y* only and, hence, is non-singular. For a finite system, this should indeed
be the case. Second, the practical limits of accuracy to which the various physical
properties of the system may now be calculated are determined by the accuracy of the
expansion of the bulk term pg(B, 1) and not by the term containing finite-size effects
(which has been obtained in a closed form). For a study of finite-size effects to order
a”', it is sufficient to consider terms displayed explicitly in equation (20).

3. Growth of the condensate

The condensate in this problem arises from the single-particle ground state n=1 and
is given by the expression, see equations (1)-(3),

=(1/27’a’){[exp B(e; — ) — 117" ~[exp B(e, +p) - 117"} (21)
In view of the fact that, for ma>»1,
er=m(l1+1/2m%a? (22)
and, for p approaching m,
w=m(l-y*/27*m*a?), (23)
the expression for p, effectively reduces to
po=1/2m"a’B(e,~u)=m/aB(y* +x?). (24)

Equations (22)-(24) show that, so long as y*=0(1), the condensate density in the
system remains of order a~', which means that Q, remains of order a2, i.e. O(Q*?).
A macroscopic growth of the condensate results only when y*> - —° or, in other words,
L E.

For a detailed study of this process, we make use of the identity

1

cothy=1+2 _—

ycothy y quy gy
272 1

=— S+3+2 _— 25
v+ Y qzzy +mig® (25)

whereby equations (20) and (24) yield, to leading order in a ™"

3

T ( +y quy +ﬂq> (26)

For comparison we note that, in the case of the bulk system (a— <), there exists a
critical temperature, 8 = 8., given by

po=[p—pu(B, m)

pe(Be, m) = p. (27)
Using the function W(B, i) of Singh and Pandita (1983), namely

WB.w)=2 3, (jm)"" sinh(jBu) Kx(jBm), (28)
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this condition may be written as, see equation (8),
2

3 2
W(Be, m)=2 T, (jBm)™" sinh(jBom) Ky(jBem) ==, (29)
The bulk condensate density is then given by the singular expression
0 (B<B.) (30a)
(Po)s = w
Pl p(l 'v_v%:%) (B> Bo). (30b)

In the case of the finite system, on the other hand, the condensate density is given by
the non-singular expression

W(B,m)) m (3 ) 2 1 )
=pl1- + i+ —_— ], 31
Pa p< W(B., m))  mBa\’"’ qu y g G
where y°, as a function of 8, is determined by, see equation (20),
ZWZBGP( W(B, m) )
coth y =~ 1- . (32)
Yoy W(B., m)

Note that the parameter 8. denotes the critical temperature of the bulk system; while
no such parameter exists in the case of the finite system, it still serves as a useful
reference point in this case.

For a quantitative comparison of equations (30) and (31), we must solve (32) for
y*(B), which can only be done numerically. A few general results, however, can be
obtained as follows. First of all, at 8 =8, we have: (y coth y).=0, i.e. y2=—1in?
Equation (31) then gives, see also (24),

(Po)c= 4M/3WZBCG (T= Tc), (33)
which implies that (Qo). = O(Q%?). For y>> 1, equation (32) reduces to

y=(B.m)’|dW/dB|s_p.at (0<t«1,at>»1), (34)

where W= W(B, m), while ¢ is the dimensionless temperature variable

t=(T—Tc)/Tc=(Bc_ﬂ)/Bc~ (35)
One then obtains, directly from (24),
po=1/Bim’[(dW/dB).Ja’r’, (36)

which implies that Qo= O(1). At lower temperatures (8 > B.), we run into the limiting
situation y*- -7, ie. y coth y»—co. This requires that |az|» 1, i.e. |t| be of order
greater than a~' (which includes the possibility that |¢| may even be O(1)). Equation
(31) now gives

po=(po)s +3m/4m’Ba, (37)

which holds all the way down to 0 K.

Comparing equations (33) and (36) with (30a), and (37) with (30b), we conclude
that, irrespective of the relativistic effects in the problem, the finiteness of the system
causes an enhancement in the condensate density p, at all temperatures. For a
considerable range of temperatures, covered by (37), the enhancement is directly
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proportional to T and inversely proportional to a. Around T = T, where |t|=0(a™"),
the enhancement is still inversely proportional to a but depends in a more complicated
manner on T. For T> T,, such that (at)>» 1, the enhancement tapers off as a™>. In
qualitative terms, these findings are similar to the ones arrived at by Al'taie in the
non-relativistic case. Quantitatively, too, we find complete agreement with Al'taie’s
results if the function W(B, m) is replaced by its non-relativistic limit, namely

[W(B, m)ng=(7/2m*) 2 { (DB (p<m’). (38)
In the extreme relativistic limit, on the other hand, this function takes the form
[W(B, m)ler=(27%/3m*)B™* (p»m’). (39)

Using (38) or (39) in the bulk term of our basic equation (20), or in any subsequent
result, the two limiting versions of the problem can be worked out in complete detail.

4. Derivation of the specific heat

For the subsequent analysis of the problem, we start with the expression for the energy
density of the system, namely

U=s-3 32'1 en{lexp Blen—p) = 117" +[exp Be, +4) - 117"}

n? \1/2 n? \1/2
3 Z cosh(jBu) Z ( mzaz) exp[—jﬁm<1 +;5;2.> ]

ﬂ a’ j=1
(40)
Applying the Poisson summation formula (4), we obtain
K K
i [( z(/3rn2)+0B 2 3(53m2))
—<ﬁmq'2>( KABP) | ey KB | (a1)

where z and g’ are the same as given in equation (7). First of all, we extract the bulk
term (with g =0), namely

us(B, 1) = Z coshu/sm( 2}‘.3‘3 "')me“j'.’3 "‘)). (42)

Among the remaining terms (with g #0), we convert the summation over j into a
summation over ! by using the Poisson summation formula (10)—modified for the fact
that f(j=0) in the present calculation is non-vanishing. Using equation (A7) of the
appendix and the recurrence relation (13), we obtain

® ( Ky( 27rmaq) K3(2ﬂ-maq)>
q q

42
a g=1

u=uy(B, un) +(27ma)

Z Z pH(m? = pu?)V? exp[-2maq(m® — u')"?], (43)

q 1 l=—c0

where u' is the same as given in equation (12). Finally, neglecting terms O(e~*/*) or
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Ofe™%/*c), where Ar is the mean thermal wavelength and Ac (=m™') the Compton
wavelength of the particles, and carrying out the summation over g, we obtain the
remarkably simple result

2

y
Bae

where y is the same as given in (18). Combining (44) with (19), we obtain for the
thermal energy density of the system

u=ug(B, u)— (44)

= (= mp) = (B, )+ (45)
where

(B, 1) =[us(B, n)— mps(B, M)]=‘_Z B, ), (46)
with

= o Ks(jBm) Kz(jﬁm)) L Kz(j/sm)]

= h - - ! 47
Z(B, 1) 2,-;, [cos (jﬂu)( GBm)  UBm)? sinh(jBu) (iBm) (47)
As p - m, the function Z(B, 1) can be expressed as
1/2

Z<B,u>=2(ﬁ,m)—(§f) _(m=p) 4 (m = )4 O(m = ) (48)

Noting that

(BZ(B,M)) _ B(dW>
W S u=m dB

where W [= W(B, m)]is given by (28), equations (45)—(48) lead to the final expression

- 4 1 4

Note, once again, the cancellation of the singular terms and the emergence of a final

expression which is a function of y* only.
To determine the specific heat of the system at constant volume, we need to know
the quantity (dy/68),. This can be obtained from the equation (see (8), (20) and (28))
3

2
p= W(B, m)——5—(y coth y)+0< ) (50)

2m° 2 Bd
To the leading order in q,

<ﬂ) ___pm*(dW/dB)a
88/, cothy—ycosech’y

whence

c, = —Bz(aa/aﬁ),,

(Bm)*(dW/dB)* y
dﬁ " 27%(coth y — y cosech® y) a’

(52)
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where Z=Z(B, m). Equation (52) will enable us to study the leading finite-size
correction to the bulk specific heat of the system—in particular, the rounding-off of
the bulk singularity into a smooth maximum.

5. Location and height of the specific-heat maximum
First of all we examine the bulk situation in the vicinity of the critical point (¢t =0).

For t>0 and a- o, the thermogeometric parameter y is given by the asymptotic
expression (34). Equation (52) then becomes
Bem® |dW|°
) —— (53)
w

3 d’z dZ
[ (B°(d32 zldB

For t<0 and a-» o, y>iw Setting y =i(7w —¢€), where 0 <e« |, equation (32) gives

dB

dBl.

e =m/(B.m)’[dW/dBl.alt| >0, (54)
whence
_m*gi[ldz (d2 dz
! 27 {dB [’3° ag?). " %ap ” (55)

Thus, while ¢, is continuous at the critical point, with

dz
dBle

ch

(¢)e= (56)

its derivative with respect to temperature is discontinuous:

N (3¢, _(B.m)®|dW|?
o= [(5),, -(5) L ]-5=e &

In the non-relativistic case

. 1/2 T 1/2 3
Z(B,m) =%<ﬁ) (3B, W(B, m)= <2—m'§) §(5>B"3/2,

1 3\ m*1*? 8)

(B.m) =;[{(5) 7] ,

which lead to the standard textbook results (see, for example, Pathria 1972b)
15 ;(5/2) 27 [ (3)]2
= T oA Ac; c= - .

(c,) 2 7G3/2)" (Acp).= Tem ¢ G (59)
In the extreme relativistic case

4
Z(p,m) =13 W(g, m)= /3‘2 (Bem) =[m*/3p]", (60)
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whence

4% (3p\"? 3277 (3p\"?
(Cp)c=T(;‘;) ps (Acy)e= s \m?) P (61)

in agreement with Haber and Weldon (1981) and with Singh and Pandita (1983).

In the case of finite a, this cusp-like singularity (at t=0) is rounded-off into a
smooth maximum (at ¢=t*). According to (52), the location of the maximum is
determined by the condition

coth y* + y* cosech® y* —2y*? coth y* cosech® y*
(coth y* — y* cosech?® y*)?

d’z
o (55) 215 ) e

The right-hand side of this equation is seen to be O(1)—ranging from the value

Pr(3)/[{(DF=0.788...

in the non-relativistic limit to the value 2= 0.675 in the extreme relativistic limit; the

corresponding values of y* turn out to be 1.887... and 1.090..., respectively. The
location of the maximum is then given by

(62)

dz
ds

3
<

dw
ag |

___y*cothy* 1
(B.m)|dW/dB|. a’

t*

(63)

which implies a shift, O(a™'), towards higher temperatures. For the height of the
maximum, we obtain

(dzZ/dﬁz)c_2>t*_(3§(dw/dﬁ)3) y* 1
|dZ/dB|. m?|dZ/dB|. / coth y* - y* cosech® y* a’

*
o

(cp)c=

which implies a reduction in value, again O(a™'). It is not difficult to see that the
curvature of the specific-heat curve at t=1¢* is O(a). It follows that, as a tends to
infinity, the foregoing features of the system merge into a singularity at ¢ =0.

We thus find that, quite generally, our results are qualitatively similar to the ones
obtained by Al’taie in the non-relativistic case. In quantitative terms, there is complete
agreement with Al'taie in the non-relativistic limit but significant differences appear
when relativistic effects assume importance.

Finally we note that, in a recent review of the problem of relativistic Bose--Einstein
condensation, Landsberg (1981) has made some intriguing speculations concerning
Bose condensation of both massive and massless photons, leaving one with the conjec-
ture that ‘matter may be regarded as condensed black-body radiation’. It will clearly
be of interest to see how our considerations in the present paper would affect those
speculations. We hope to pursue this line of thought in a separate investigation.

1+ (Bc (64)
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Appendix

We wish to evaluate the integral

@ K <2 2\1/2
I(x,y; §)=L jsinh(jX)—"%z(Jjg%);—] dj
=<8L(x,y;§)) ’ (AD)
ox yE
where
eve [ sl i KePUPHEDT
Jv(’%}’» §)_J‘0 COSh(]X) (j2+§2)v/2 d] (A2)

Using the expansion

cosh(jx) = f (x)2™/ (2m),

the integral (Gradshteyn and Ryzhik 1965)

w 2 2172 "
J 2041 Kifa(j®+2%) ]d'- 2°T(p +1) K,_,_(az),
0

(j2+zz)"/2 J = Pl g al

and the relation

r(m+§)=n‘/2%'fr%,
we obtain
1/2 2 m
J(xy; €)= ( ) > /2y) Komory) (A3)
2y]  m=o £

The summation over m appearing here can be carried out exactly by using the
remarkable formula (Erdélyi 1953)

% 2) K, m(25) KA[Z(SZ"TZ)Uz]

)
m2=0 ghtm = (s2_7_2))«/2 ’

remembering at the same time that K_,(z) = K, (z). It follows that

§)1/2 (y 2)u/2-—l/4

J.(x,y; 6= (2 &)

Kv—l/z[f(yz"xz)l/z]- (A4)

A partial differentiation with respect to x then yields the desired result

7’,‘;53)1/2 x(y 2)»/2—3/4

2 (§ )v KV—3/2[§(y2_x2)1/2]‘ (AS)

L(x,y; 6)—(
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We may as well write down some other integrals which are needed for the evaluation
of the specific heat of the system, namely

oc Ky 2 231/2 .
L(x,y; €= L i COSh(jx)%z)gv/)—z] dj

_ <6L(x, Y E))
ax Ve

N2
=(ZT'2§_) (gy)y{(.V2"xz)y/2_3/4Ku—3/2[§(y2_xz)l/z]

+éx*(y? - xz)y/2_5/4Ku—5/2[§(y2 -x%) 1/2]}, (A6)
whence one obtains another desired result, namely

=L(x,y:E)+yL, . (xy; §)

3\ 1/2 2
=(%) T K s ale =) ]

=xL(x,y; £). (A7)

It seems important to point out here that if the hyperbolic functions appearing in
the above integrals are replaced by exponentials the resulting integrals turn out to be
intractable! This might explain why the previous authors, who did not include anti-
particles into the problem, were unable to make much progress with the relativistic case.
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